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Bending plates are among the most fundamental components employed in structural
analysis. Despite significant advances in numerical methods, the accurate reproduction of
both bending and shear behavior of plates remains a major challenge in plate analysis. The
high sensitivity of thin, thick, and very thick plates to issues such as shear locking, the
choice of shape functions, and the compatibility of strain fields has motivated continuous
research efforts aimed at developing reliable bending plate elements.

In this study, the accuracy and stability of the proposed shape function for the triangular
bending plate element ME30, based on the Mindlin—Reissner theory, are evaluated in the
analysis of plates and slabs subjected to concentrated loads. The proposed element consists
of 10 nodes with 3 degrees of freedom per node and is capable of reproducing transverse
shear deformations in a compatible manner. Numerical results for thin steel plates,
moderately thick concrete slabs, and very thick slabs demonstrate the convergent behavior
of the proposed formulation and its strong agreement with analytical solutions and
established numerical formulations. Furthermore, the evaluation of deflection and bending
moments confirms the effectiveness of the ME30 shape function in accurately capturing the
bending response of plates with varying geometries and thicknesses. The findings indicate
that the proposed model can be regarded as a reliable and robust approach for the numerical

analysis of bending plates subjected to concentrated loads.
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Introduction
Reinforced The bending behavior of plates is regarded as a central issue in structural

analysis, and its accurate numerical modeling has consistently attracted the attention of
researchers. Despite the development of numerous numerical methods and plate elements,
the simultaneous simulation of bending and shear responses of plates across a wide range of
thicknesses remains a significant challenge. The strong dependence of the numerical
performance of thin to very thick plates on factors such as shear locking, the approximation
of the displacement field, and the level of strain compatibility has resulted in the continued
development and refinement of bending plate elements as an active area of research.

The earliest attempts to formulate plate behavior with sufficient accuracy date back to the
classical work of Reissner in 1945, who introduced the elastic equilibrium equations of
bending plates under the assumption of zero transverse normal strain[1]. Subsequent studies,
such as those of Popplewell and McDonald, focused on the development of triangular and
rectangular elements, as well as their combinations, to improve boundary conditions and
bending accuracy|[2]. Higher-order theories were later advanced through Reddy’s third-order
shear deformation theory, which became the foundation for many modern bending
formulations[3].

Approaches based on free vibration of rectangular plates—such as the work of Leissa—
played a significant role in evaluating various boundary conditions and classical Ritz-based
solution strategies[4]. More innovative techniques were later introduced, such as the
Discrete Shear Gap (DSG) method for controlling shear locking and achieving accurate
solutions for plates of irregular geometries, particularly triangular elements[5].
Concurrently, the development of triangular elements with incompatible shear deformation
approximations and low-order polynomial formulations significantly enhanced convergence
and numerical robustness[6]. Comparisons between different shear deformation theories—
including the classical Mindlin—Reissner and higher-order counterparts—such as those
presented by Idlbi et al., demonstrated superior accuracy of these theories in many
engineering applications compared to classical elastic solutions[7].

More recent advancements include isogeometric formulations for Mindlin—Reissner
plates[8] and the development of triangular elements based on compatible strain fields for
both static loading and free vibration, which effectively prevent shear locking[9]. Other
efforts, such as the work of Lee and co-authors, have refined the formulation of thick plates
to reconcile Mindlin solutions with Kirchhoff limits[10].

In the following years, the development of polygonal elements, the modification of strain
relations based on Timoshenko beam theory, and extensive investigations aimed at
preventing locking in irregular meshes—particularly in the works of Nguyen-Xuan—further
expanded the theoretical landscape[11]. In the domain of multilayered and composite plates,
bidirectional shear deformation theories of first- and second-order, introduced and evaluated
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by Noor and Burton[12] among others, provided deeper insights into layered behavior.
Additional progress includes highly accurate rectangular elements based on mixed field
interpolation[13], high-order triangular shell elements with fast convergence[14], and
improved quadrilateral formulations designed to avoid higher-mode contamination[15].
Similarly, studies on free vibration of laminated plates[16], reviews of shear deformation
theories for multilayered panels[17], simplified first-order theories for bending and vibration
analysis[18], and investigations of moderately thick plates incorporating transverse shear
deformation[19] highlight the persistent demand for models with higher accuracy and
computational efficiency. Other research directions—such as hybrid methods for Mindlin—
Reissner plates[20], wavelet-based analysis of thin plates[21], dynamic analysis of sandwich
structures[22—-23], novel theories for composite plates[24], and advanced formulations for
sandwich plates[25]-underscore the critical importance of selecting appropriate shape
functions and avoiding locking phenomena.

Despite substantial progress in plate bending formulations, many existing elements still
encounter significant limitations when subjected to shear locking, high thickness-to-span
sensitivity, and reduced accuracy under concentrated loading. These challenges become
even more pronounced in plates with variable thickness, irregular geometries, and complex
boundary conditions, where many Mindlin—Reissner-based elements achieve acceptable
convergence only on highly refined meshes. Consequently, the development of an efficient
triangular element capable of accurately representing bending and shear deformation fields
in thin, moderately thick, and thick plates—with a limited number of degrees of freedom—
remains a critical need in the finite-element literature. Motivated by this gap, the present
study introduces the triangular ME30 element and evaluates its accuracy under concentrated
loading, aiming to provide a stable and precise numerical tool for bending plate analysis.

Method

A higher-order ten-node triangular Mindlin—Reissner plate element (ME30) was developed
to model bending and transverse-shear deformation. Each node carries three degrees of
freedom-transverse displacement w, and rotations ¢, and@,. The displacement field is

interpolated using isoparametric shape functions in the natural coordinate system (s,t):
10
w(s,t) = Z N, (s, H)w,
i=1
10
QX(S’Z)ZZM(S’t)exi (1)
i=1

10
0,(s,t) =D N,(s,0)0,
i=1
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The bending and shear strain components based on Mindlin—Reissner kinematics are
expressed as:

z } =[L; ][N ]{a]
s =L ][V ]{a)

Where {a} the vector of nodal degrees of freedom is, [N ] contains the shape functions, and

2

[L;]. [Ls] are the differential operator matrices. The transformation between global

coordinates (X, y) and natural coordinates (s, t) is obtained through the Jacobian matrix {J } .

The element stiffness matrix is computed by explicit double integration over the parent
triangular domain:

(K J=[Ks]+[Ks]=

S — —
o —_—

[B,] [D,][B,]||dsdr + { ! By ||J|dsdt G

Where B, and B, are the bending and shear strain—displacement matrices, and D, Dy are

the bending and shear constitutive matrices. A subdivision-based numerical integration
scheme is employed to enhance accuracy for higher-order functions. Concentrated loads are
included directly in the global load vector. For a point load (P) applied at degree of freedom
(m), the corresponding entry (F) of the global force vector is set equal to (P). The global
system of finite-element equilibrium equations then takes the standard form:

{Fy=[K]{d} (4)

Where [K] is the assembled global stiffness matrix and {d}is the vector of nodal

displacements and rotations. The ME30 element is evaluated through benchmark analyses of
simply supported and clamped steel and concrete plates and slabs under a concentrated load.
Mesh densities ranging from 2x2 to 8x8 (and non-uniform meshes for rectangular slabs)
were used. Central deflection and bending moments were compared with analytical and
published numerical solutions to assess accuracy, convergence, and performance in
modeling transverse-shear deformation.

Results

The numerical evaluation of the proposed ME30 triangular bending plate element
demonstrates strong accuracy and robustness across thin, moderately thick, and very thick
plates. Using a ten-node, 30-degree-of-freedom formulation within the Mindlin—Reissner
theory, ME30 consistently reproduces both bending and transverse shear deformation fields.
Under concentrated loading, the element shows excellent agreement with analytical
reference solutions and established numerical formulations.
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The computed deflection fields and bending moment distributions confirm that ME30
successfully avoids shear-locking in thin-plate regimes, while maintaining accurate shear
representation in thick plates. Convergence studies reveal stable and monotonic behavior
across different mesh densities and geometries, with ME30 outperforming classical
triangular plate elements. The results collectively verify that the proposed formulation
provides a reliable and precise numerical tool for bending-plate analysis under concentrated
loads.

Conclusions

This study presented ME30, a ten-node triangular bending plate element with 30 degrees of
freedom that effectively captures bending and transverse-shear deformation within the
Mindlin—Reissner framework. The numerical investigations—covering thin, medium-
thickness, and very thick plates under concentrated loading—demonstrate that ME30 offers
high accuracy, stable convergence, and strong agreement with analytical reference solutions.

By preventing shear locking in thin plates and accurately representing shear deformation in
thick configurations, the proposed formulation overcomes limitations commonly observed in
existing triangular elements. Its strong performance on various geometries and loading
conditions highlights its potential as a robust and efficient computational tool for plate and
slab analysis. Future work may extend the formulation to composite plates, dynamic
loading, and shell applications using strain-compatible principles.
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